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JJT^' Abstract. In this note we study a complex Monge-Ampere type equation of 

^ the form 

^ . ^^^c ^n ke-^dV 

Q . fe "dV 

^ ■ September 21, 2011 

^ ' 1. Introduction 

^"-^ I This paper is a revised version of [Cj. 

<~i i Throughout this paper let fi C C", n > 1, be a bounded, connected, open, and 

j^ I hyperconvex set. Let Sq, ^i, and J^ be the energy classes introduced in [Cl[ IC2| 
(see section 2 for details) . In [CI] , the author proved the following theorem: 



Theorem I3.lt Let ^ be a non-negative Radon measure. Then the following con- 
Cn ' ditions are equivalent: 

(1) there exists a function u Cz £i such that (dd'^u) = /i, 



^-^ ' (2) there exists a constant B > 0, such that 

oo - 



-tp) d^j, < B i / {—(f){dd''ipY I foi' all "ys G f , 

n \Jn J 

where [dd'^-) is the complex Monge-Ampere operator. 



This theorem gives a complete characterization of measures for which there exist 
a solution of the Dirichlet problem for the complex Monge-Ampere operator in the 
class f 1. 

j^ ■ In section 3 we give a direct proof of Theorem 3.1 without use of the Rainwater 

lemma (see [R]). The solutions to the Dirichlet problem in Theorem 3.1 are always 
unique. We are not going to discuss that point in this article. 

In section 4, we prove 

Theorem 4.6: For every k < (2n)" there is a function u G Sq H C with 

idd u) = —^ -— , 

^ ' j e-^dV 

where dV is the normalized Lehesque measure on J7. 
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The proof make use of Theorem I3.H In section \E\ we give an ahernative proof 
when k=l, where we use variational methods together with the foUowing theorem: 

Theorem I4.4t To every b > l/(2n)" there exists a constant B > 0, such that 

I exp{-u)dV < Bexp (b f (-M)(dd=u)" j for all uGSi. 

Remark: A stronger version of Theorem 14.41 is proved in (BB| . 

2. Preliminaries 

By £q we denote the family of all bounded plurisubharmonic functions (p defined 
on Q such that 

lim (p{z) — for every ^ G d^ , and / (dd'^ip)"' < oo , 

where (dd"^ • ) is the complex Monge- Ampere operator, normalized so that dd'^ = 
—dd. Assume now u that is a function such that there exists a decreasing sequence 
{uj}, Uj G Sq, that converges pointwise to u on f2, as j tends to +oo. For p > 0, 
we say that 



u G J-p, if 



u G J^. if 



sup / {{~Uj)P + l){dd''uj)" < oo , 

u G £p, if 

sup / {~UjY{dd'^UjY < oo J 
j>iJn 

sup / {dd'^Uj)^ < oo . 
j>i Jn 

The complex Monge- Ampere operator is well-defined on these classes. See e.g. [Cl[ 
ICZi [K] for more information about the energy classes. 

Theorem 2.1. Let p > 1, and n > 2. Then there exists a constant D{n,p) > 1, 
depending only on n and p, such that for any uo,Ui, . . . ,Un G £p it holds that 

(—u^Ydd'^ui A • • • A dd'^Un 
n 

< Din,p) / i-uoridd-uor ■■■{ {~u,,ndd-u,,r 

\Jn / \Jn 

Furthermore, D{n, 1) = 1 and D{n,p) > 1 for p ^ 1. 

Proof. This is Theorem 3.4 in [P] (see also [XCTl RCPl [UTl [CP2]). D 

It was proved in |AC1| (see also |AC2| ) that for p ^ 1 the constant D{n,p) in 
Theorem 12. H is strictly great than 1. 



The following variant is proved in [C2J . 
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Theorem 2.2. Let n > 2. For any uq, ui, . . . ,Un ^ J' it holds that 

/ r \ "^/" / /■ \ 1/" 

{-uo)dd''ui A • • • A dd^un < i / (-uo)(dd'ui)" ) ■ • • ( / (-uo)(rfd'w„)" J 

3. Dirichlet's problem IN £i 

Theorem 3.1. Let fi be a non-negative Radon measure. Then the following con- 
ditions are equivalent: 

(1) there exists a function u Cz £i such that (dd'^u) = ^, 

(2) there exists a constant B > 0, such that 

(— (p) dfj. < B i / {—(p){dd'^f)" J for all ip £ Sq , 

This theorem gives a complete characterization of measures for which there exist 
a solution of the Dirichlet problem for the complex Monge- Ampere operator in 
the class £i. Originally, the theorem was proved by the author in |C1) . The 
approximation theorem below is the main result in this section. It gives a direct 
proof of the Dirichlet problem without use of the Rainwater lemma. The solutions 
to the Dirichlet problem at hand are always unique. We are not going to discuss 
this here. 

We say that a non- negative Radon measure /i belongs to A^i if there exists 
constant A such that 



i-u) d^<A[ / (-M)(dd=u)' 

n \Jn 

holds for all u £ £q. 

The setup: It is no loss of generality to assume that fi has compact support. 
So let /i e A^i with compact support. Let 1^9 be a usual regularization kernel and 
put fij = ifj * fi which is a well-defined non-negative compactly supported smooth 
function. Solve, using [BT], {dd'^Uj}"' = fij for Uj G Sq. We show that this sequence 
converges to the solution of the Dirichlet problem. 

Theorem 3.2. (Approximation theorem). With notations as above, Uj converges 
as distributions and in L^{fi) to a function u £ J-i and (dd'^u)" = /i. 

Proof. We claim that 

u = lim (supu^;)* G J^i and (dd'^u)" — /i . 

For choose a weak*- convergent subsequence, again denoted by Uj converging weak* 
to u. Then by the construction of Uj we have that 



—Uj{dd'^Uj) < / —UjH < A i {—Uj){dd'^Uj) 
so it follows from integration by parts 

-(supufc)*(dd^(supfc>j-Ufc)*)" < / -Mj(dd%)" < A("+i)/" 

k>j 
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Note that integration by parts also gives the inequality 

vfi < I v{d(FuY^ 



for all negative plurisubharmonic functions v (see |C3]). Theorem 2.1 gives 

l/(n+l) / „ \ n/n+1 



/ — u/i = lim / —u{dd''uj)" < I / —u{dd'^u)'^ J lim 

and we will show that 

lim / ^Uj{dd'^UjY^ < / — u/i 

so it follows that J w/i = J u{dd'^u)" . Let j < k: 



—Uj{dd'^Uj) 



-Uj{dd'^Uj)"' < / —Uj{dd'^Uk)"' < 

/ r \ l/("+l) / r ^ n/n+1 

f / -Ujidd^Uj)"] f / -Ukidd^UkYj 

so J —Uj{dd'^Uj)^ is monotonically increasing to some c < +00. Theorem 2.2 gives 
/ -Uj{dd'=Ujf < I -Ukdd^Uj A {dd^Uk)"^'^ < 

i -Ukidd^Uj)" j ( / -Ufe(dd=Ufe)" j 
Hence, 

l/r; 



Now 



^u.idd^ujf <([ -Uk{dd^Uj)A c^"-^y" 



lim / —Uk{dd'^Uj) — ipj * un = / —u{dd'^Uj) 



since (pj * Uk tends uniformly to (pj * u, j —^ 00 on the support of /i and we have 
that J ufi — J u(dd'^u)" since lim/ —u{dd'^Uj)" = j —ufi by construction. Let now 
w € £0 be given. We have for t>0 

-{u + tv)^i = lim / — (u + tv){dd'^Uj)"' < 

l/(n+l) / „ s n/n+l 



/ -(M + <i;)(d<i=M + ti;)" j lim / -Ujidd^Uj^ 

/ r \ l/("+l) / (■ \ n/n+1 

i -{u + tv){dd'=u + tv)"] i -uidd^uY'] < 

I / -(w + tv){dd''u + tvf j + I / -uidd^uf j 



This is an inequality between two polynomials in t. The polynomials are equal at 
t = so the coefficients for their first order terms satisfy the same inequality. The 
coefficient for the left hand side is J —vfi and for the right hand side J —v{dd''u)"' . 
Therefore J —vfj, < J —vidd'^u) for every J —v{dd'^u) and since we already know 
the opposite inequality we have proved that /i — (dd'^u)". The function u is uniquely 
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determined so the original sequence was already weak*-convergent to u. This com- 
pletes the proof. D 

Corollary 3.3. Let fi be a positive measure with fi{fl) < -|-cxd and fJ.{P) = for 
every pluripolar set. Then there is a uniquely determined Junction u ^ J- with 
[dd'^uY = n. 

It follows from Rainwater's lemma that /i = f{dd''v)" for a u G J'l so the 
solutions Uj to {dd'^Uj)'^ = mm{f, j){dd'^v)'^ decreases to u,j -^ +00. 

4. Compact and convex sets in £1 
We consider J^{il) as a convex cone in L^{ft, dV).The Theorems 2.1 and 2.2 gives 



on 

J": 
and on 



j{dd^{u+v))A " < (f{dd^u)A " + ( [{dd^vjA 



+1 



f 1 : ( / -iu + v){dd''{u + v)y'\ < ( / -M(ddS)" 1 +( / -v{dd%) 

Therefore, 

In e T; [{dd^uy < c\ and lu e £1; f -uidd^u)" < c\ 

are convex in T and £1, resp. Both are also compact. 

Lemma 4.1. Assume Uj,u G £1 and sup J ~Uj{dd'^Uj)^ < +00. If Uj — > u,j — > 
+00 as distributions, then Uj — >■ u,j -^ +00 in L^{{dd'^w)"') for every w & £1. 

Note: It may happen that J —Uj{dd'^Uj)" = 1 but Uj — >■ 0, j — >■ -I-cxd as distribu- 
tions. 

Proof. Let to > 0. Then 

|m — Uj I < \u ~ max(M, mw) + max(u, mw) — max(uj , mw) + max(uj , mw) — Uj 
< max(M, mw) — u + \ max('u, mw) — max(uj ,w)\+ max('Uj , mw) — Uj \ 
so 



\u — Uj\{dd'^wY^ < / (max(u,TOw) — u){dd'^w)^ 
-\- / I max(u, TTiiu) — max(?ij, w)|((i(i'^u')" + / max{uj,mw) — Uj){dd''w)^' 



At the right hand side, when to, — )■ -l-oo, the first integral tends to by monotone 
convergence and that the second tends to when j — >■ follows from Lemma 1.4 in 
[CK| . We use Theorems 3.1 and 2.1 to estimate the third term: 



{inax{uj,mw) — Uj){dd'^w)" < / —Ujidd'^w) 



I 



UjX{u,<rma}idd^Wr < / -U,(dd^U,)" / -w^idd^w)'' 



U^ 

mw 



c 

< — —;r- -^ 0, as m -^ -l-oo . 

TO" + 1 
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D 
We need the following two theorems. 

Theorem 4.2. |CP1| There exist a constant C such that sup\u — v\ < C\\g — /ijlj 
where u,v € T and {dd^uY = gdV, {dd^v)""- = hdV and f,g € L'^{dV). 

Theorem 4.3. |ACKPZ| . Theorem B. There exist a uniform constant a„ > 0, 
depending only on n, such that for any positive number < fi < n and any u G ^{^) 
such that J„(dd'^u)"- < fj,", we have that 

/^.-W<(... + a.^^).r, (4.1) 

where V is the 2n- dimensional Lehesgue measure on C" and 6q is the diameter of 

n. 

We prove 
Theorem 4.4. To every b > l/(27i)" there exists a constant B > Q, such that 

/ exp(— u) dV < B exp I b / {—u){dd'^uy^ I for all u £ £i , 
Jn \ Jn J 

Proof. Set 

a= / {—u){dd''u)"'. 
Jn 
Then 

{dd^u)" = X{u>-ab}{dd''u)"' + XluK-abjidd^u)" 

= X{u>~ab}{dd''max{u,-ab))'^ + X{u<-ab}{dd''u)'^ 

< (dd=max(u, ~ab))" + X{u<-ab}[dd''u)'' . 
Solve (dd'^w)" ~ X{u<-ab}{dd'^u)^ for w E T . By Theorem 4.5 in |Clj 

u > max(u, —ab) + w 
and since 

f (dd^w)" < a/ab < (2n)" 

it follows from Theorem 4.3 that 

/ cxp{—u)dV < Dexp{ab) 
and the proof is complete. D 



Theorem 4.5. (Consequence of Schauder's fixed point theorem) Suppose A is a 
convex and compact subset of £i. If T : A ^ A is a continuous map then there is 
u £ A with u — Tin). 

Theorem 4.6. For every k < (2n)" there is a function u € Sq Cl C with 

ke-''dV 



[dd^uY 



je-^dV 
where dV is the normalized Lebesque measure on il. 
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Proof. We wish to use the fixed point theorem and define B = {u E J^, J{dd'^u)^ < 
k}. Using Theorem 4.3 and Corollary 3.3 we can consider the map u : B -^ T{u) G 
B where T{u) is the unique function in J- with 

Choose m such that (;;^3]-)"fc < (2n)". By Theorem 4.3, there is a constant c such 
that 

T{u){dd''T{u)Y ^k I ~T{u)e-"dV/ f e'^'dV < 

kij {-T{u))"'dV)^{f{e~^^"dV)'^ <{ml)^kc for all m G B. 

Hence it follows that T{u) G Ti and Theorem 4.3 and Theorem 4.2 now gives that 
T{u) eSoDC. 

We restrict T to the convex and compact set 

A^ lueT, [{dd^uy < k, I -u{dd''uY < (m!)-fcc| . 

Then A —> T{u) G A and it remains to show that T is continuous on A. It is then 
enough to prove that if u^, m G ^ and Uj -^ u,j ^)- +cx) as distributions, then 

e-"^dy e-"dt/ . . ..^^^^ 

-t: > -7-. as 1 ^ +00 111 LidV) . 

Choose i > 1 so that fct" < n" and p,j + - = l and define Wj = sup(Mfe)*. Now, 

e-"pdF<2 / le~"^- - e""'^ pdF + 2 / le"" - e^^^f dV^ 
and 



e 



-»,|2^^^ / g-2u,H _g«,-«,,|2^y 



< f / e-2*". ) ( / |1 ~ ^"'""'' 1*^^ ) - ^ ( / (^J " "j)^^ ) ^^ asj^+oo 
by Lemma 4.1. The constant q can be estimated using Theorem 4.4. D 

5. The variational method 

Let u,v G £i, and assume that v is continuous. For i < 0, put P(u + tv) = 
supjw e£i:w<u + tv}. Then P{u + tv) G £i (see [ACC] ). Write 

e(u) = / -u(drf'=u)" 

and let J : ^ ^ i? be a continuous functional on £i. Put F{u) = j^e{u) + J{u). 

hminf Jinu^tv))-Jiu) ^ ^.^. ^^ J[iu + tv)^Jiu) 
t^o- t t^o+ t 

for all w G £^0 n C and if u.,„ is a minimum point of F, then 

-v{dd''u,nY + J' (Mm + to)|t=o = for all u G £o C . 
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Example 5.1. Take J{u) — —logJe^^dV. Then J is defined on £i and Theo- 
rem 4.4 shows that we only have to minimize over a compact convex subset. A 
calculation shows that 

,. . ,J(P(u + tv))~J(u) ,. J{u + tv)-J(u) fve-'^dV 

limmf — ^^ — ^ ^^ > hm ^ ^^ = ^ -— 

t^o- t ~ t^o+ t Je-"dV 

for all V E SqCiC so 

For let V E £q DC. Then, for t < we have that 

JjPjU + to)) - Jju) _ log fe-^dV 
t ~ -t 

_ log(l+ ^' fe-^dv ''^ ) ^ / je-^("+*")-e-"dy _ /e-"(e-^("+*")+"-l)dT/ ' 

^Og l^J^ + fe-'-dV ) ^°g (,^ + fe-^dV fe—dV 



-t -t 



J e-''tvdV\ 

fe-^dv ) Je-'^vdV 



log(l 

> ^^ > ^ as i ^ . 

-t J e-^dV 



References 



D 



[ACC] Ahag P., Cegrell, U. and Czyz R., Dirichlets principle and problem. [arXiv:0912. 12441 To 

appear in Math. Scand. 
[ACl] Ahag P. and Czyz R., An inequality for the beta function with application to pluripotential 

theory, J. Inequal. Appl. 2009, Art. ID 901397, 8 pp. 
[AC2] Ahag P. and Czyz R., Modulability and duality of certain cones in pluripotential theory, 

J. Math. Anal. Appl. 361 (2010), 302-321. 
[ACP] Ahag P. and Czyz R. and Phani H.H., Concerning the energy class Sp for < p < 1, Ann. 

Polon. Math. 91 (2007), 119-130. 
[ACKPZ] Ahag P., Cegrell U., Kolodziej S., Pham H.H. and Zeriahi A., Partial pluricomplex 

energy and integrability exponents of plurisubharmonic functions. Adv. Math. 222 (2009), 

2036-2058. 
[BT] Bedford, E. and Taylor, B.A., The Dirichlet problem for a complex Monge-Ampere equation. 

Invent. Math. 37 (1976), 1-44 
[BB] Berman, J. R. and Berndtsson, B., Moser-Trudinger type inequalities for complex Monge- 
Ampere operators and Aubin's "Hypothese fondamental " . arXiv:1109.1263vl 
[C] Cegrell U., Measures of finite pluricomplex energy. arXiv: 1107.1899vl 
[CI] Cegrell U., Pluricomplex energy. Acta Math. 180 (1998), 187-217. 
[C2] Cegrell U., The general definition of the complex Monge-Ampere operator, Ann. Inst. Fourier 

(Grenoble) 54 (2004), 159-179. 
[C3] Cegrell U., Weak* -convergence of Monge-Ampere measures. Math. Z. 254 (2006), 505-508. 
[CK] Cegrell U. and Kolodziej S., Equation of complex Monge-Ampere type and stability of 

solutions. Math. Ann. 334 (2006), 713-729. 
[CPl] Cegrell, U. and Persson L., The Dirichlet problem for the Complex Monge-Ampere operator: 

Stability in L^. Michigan Math. J. 39 (1992), 145-151. 
[CP2] Cegrell U. and Persson L., An energy estimate for the complex Monge-Ampere operator, 

Ann. Polon. Math. 67 (1997), 95-102. 



MEASURES OF FINITE PLURICOMPLEX ENERGY 9 

[CZ] Czyz R., The complex Monge-Ampere operator in the Cegrell classes, Dissertationes Math. 

466 (2009). 
[K] Kolodziej S., The complex Monge-Ampere equation and pluripotential theory, Mem. Amer. 

Math. Soc. 178, 2005, no. 840. 
[P] Persson L., A Dirichlet principle for the complex Monge-Ampere operator. Ark. Mat. 37 

(1999), 345-356. 
[R] Rainwater J., A note on the preceding paper, Duke Math. J. 36 (1969), 799-800. 

Department of Mathematics and Mathematical Statistics, UmeA University, SE- 
901 87 UmeA, Sweden 

E-mail address: Urbaii.Cegreliamath.umu.se 



